8.4 Notes
8.4 Multiple Angle Identities

Using the sum identities from the last section, we can derive more formulas called the double-angle
identities:
sin(2x) =sin X+ X) = sin Xcos X +€0s Xsin X = 2sin xcos X

cos(2x)=cos( X+ X) = COS XCOS X —Sin Xsin X = cos’ x —sin’ x

cos(2x) = cos® x —sin’® x = (1—sin2x)—sin2x:1—23in2x

cos(2x) = cos? x —sin® x = cos® X — (1—coszx)=20052x—1
an (x+

tan(2x) ) tan X +tan x 2tan x
1-tanxtanx 1-tan®x

Example: Find sin%, cos%[ and tan% using double-angle identities.

Example: Use the double angle identities to verify that cos(3x)=cos® x—3cosxsin® x is an identity.

We can use the double-angle identities to derive identities for sin(x/2), cos(x/2), and tan(x/2).We call these
the half-angle identities.

To get identities for cos(x/2) and sin(x/2), we solve two of the equations for cos(2x)for sinx and cosx.

2c0s’ x—1=cos(2x) 1-2sin? x = cos(2x)

, . 1+cos(2x)

cos’ X = —2sin* x =cos(2x)-1

2
oS X — & 1+cos(2x) SinzXZl—cos(Zx)
2 2
sinx=+ —1_C0;(2X)

Since these equations work for any value of x, they also work if we replace x by (x/2) :

X 1+cos X . X 1—cos x
Sin—=+=+
2 2 2




We can then use these formulas to derive formulas for tan g:

X 1-cosx X sin X X 1—cosx
tan—= tan — = —
2 1+cosx 2 1l+cosx 2 sin X

Examples: Use the half-angle identities to find the exact values of sin%, cosg, and tan %

: inx .
Example: Prove that sin® (gjcosz (Ej _3 7 isan identity.
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Example: Find sina, cosa, and tana if cos(2a)=-1/3 and 7 < 2a <37/2.

Example: Find sina, cose, and tana if sin(a/2)=4/5 and z/4<a/2< /2.



Solving multiple angle and half angle equations:

Often, equations involve expressions like sin2x, cos3a, or tan(x/2),all of which involve multiples of the

variable rather than a single variable. To solve these equations, we solve for the multiple variable just as we
would solve for a single variable and then multiply or divide to get the single variable in the last step.

Example: Find all solutions in degrees to sin2a = ﬁ/z

Example: Find all solutions to tan(4x)=1in the interval (0,7).

Example: Find all real number solutions to cos(x/z):\/§/2.

Example: Find all solutions to csc(2x) = 24/3/3 in the interval (0°,360°).



